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Abstract. We use geometric methods to study two natural two- 
component generalizations of the periodic Camassa-Holm and 
Degasperis-Procesi equations. We show that these generalizations 
can be regarded as geodesic equations on the semidirect product 
of the diffeomorphism group of the circle Diff(S' 1 ) with some space 
of sufficiently smooth functions on the circle. Our goals are to un- 
derstand the geometric properties of these two-component systems 
and to prove local well-posedness in various function spaces. Fur- 
thermore, we perform some explicit curvature calculations for the 
two-component Camassa-Holm equation, giving explicit examples 
of large subspaces of positive curvature. 
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1. Introduction 



In a seminal paper [I], Arnold pointed out that the Euler equations 
for the motion of a rotating rigid body and the Euler equations of 
hydrodynamics can both be viewed geometrically as geodesic equations 
on a Lie group endowed with an invariant metric. More recently, several 
other equations of physical interest have been found to arise in a similar 
way; examples include the Korteweg-de Vries, Burgers, Camassa-Holm 
(CH), and other Euler-Poincare equations. This geometric viewpoint 
is not only aesthetically appealing, but is also useful in the study of 
well-posedness and stability issues. It is therefore of interest to find 
and study further examples of this type. 

The CH equation is a re-expression of the geodesic flow on the dif- 
feomorphism group of the circle Diff(S' 1 ) equipped with the H l right- 
invariant metric [2U |27]. Recently, it has been demonstrated [9] that 
the Degasperis-Procesi (DP) equation [7] also can be recast as a geo- 
desic equation on Diff(5' 1 ), although in this case the connection does 
not derive from an invariant metric (THj. Just like CH, the DP equa- 
tion is an approximation to the governing equations of motion for the 
classical water wave problem in the shallow- water regime cf. [TS]. Both 
the CH and DP equations are integrable and admit peakon solutions 
[21 Ej. The integrability manifests itself in the existence of a Lax pair 
and a bi-Hamiltonian structure for each of the equations. 

In this paper, we will develop the geometric picture for the following 
two-component generalizations of the CH and DP equations: 



(2CH) 




and 



(2DP) 



m f = —3mu x — m x u — pu x + 2pp. 
Pt = -2pu x - p x u, 



where u(x, t) and p(x,t) are real-valued functions of x G S 1 ~ R/Z 
and t G R, and m = u — u xx . 
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The system ( 12CHI) was first derived in [25J using bi-Hamiltonian 
methods. The system admits a Lax pair formulation and is integrable. 
In fact, it is related to the first negative flow of the AKNS hierarchy 
via a reciprocal transformation [31 [12] . A derivation of (I2CHP in the 
context of shallow water waves appears in jl]. Well-posedness and 
blow-up results are obtained in [TUl [13] [j] 

The system f!2DPj) was first proposed in [26] as a natural generaliza- 
tion of the DP equation in the context of supersymmetry. Although 
the approach of (26] automatically yields one Hamiltonian structure for 
(I2DP|) . neither a second Hamiltonian structure nor a Lax pair could 
be found. The question of the integrability of f!2DPj) therefore remains 
open. 

We will show that the two-component generalizations (I2CHP and 
( l2DPp can be regarded as geodesic equations on the semidirect product 
Diff(S' 1 )(S)J : '(S' 1 ), where J^iS 1 ) denotes a space of sufficiently smooth 
real-valued functions on the circle. For 2CH, the geodesic equation 
derives from a natural right-invariant Riemannian metric, whereas for 
2DP the affine connection is not compatible with any such metric. 
The geometric construction will give immediate proofs of local well- 
posedness for both systems in H^S 1 ) x H'-^S 1 ) or C n (5' 1 ) x C^S 1 ) 
for sufficiently smooth initial data. Moreover, we will show that the 
local well-posedness can be extended to the Frechet space C 00 (S' 1 ) x 
C 00 (S' 1 ). Our main result reads as follows. 

Theorem 1.1. There exist open intervals J\ and J2 centered at and 
an open neighborhood U of (0,0) G C°°(S' 1 ) x C°°(S l ) such that for 
each (u ,p ) G U there exist a unique solution 

(u,p) G ^(J^C^XS 1 ) x C^iS 1 )) 

of li2CH\) and a unique solution 

(v,rj) G C ,00 (J 2 ,C 00 (5 1 ) x C^iS 1 )) 

of K2DP\) with («(0),p(0)) = (t>(0),77(0)) = (u ,Po)- Furthermore, the 
solutions depend smoothly on the initial data in the sense that the local 
flows 

: J t x U C^iS 1 ) x C^iS 1 ), 



Hn some of these references the term — pp x in (|2CH[) is chosen to have the 
opposite sign. 



4 



J. ESCHER, M. KOHLMANN, AND J. LENELLS 



fori = 1,2, defined by *i(t,tt ,Po) = (u(t;u , p ), p(t;u , p )) and 
& 2 (t,uo,po) = (v(t;u , p ),r](t;u , p )) are smooth maps. 

Although a geometric reformulation of the 2CH as a geodesic flow is 
presented in [15], see also [H], our work contains the following novel 
aspects: We apply the geometric picture to obtain local well-posedness 
results (in particular in the smooth category) and we provide a detailed 
discussion of the sectional curvature associated with the 2CH. A gen- 
eralization of our approach for 2DP has previously not been presented 
in the literature. 

Our paper is organized as follows: In Section [21 we introduce the 
relevant function spaces and semidirect products. In Section [31 we 
establish the geometric interpretation of 2CH as a geodesic equation 
with respect to a right-invariant metric and prove local well-posedness 
in various settings. The 2DP equation is considered in Section HI In 
Section [51 we present some explicit computations of the sectional cur- 
vature for the 2CH equation. In an appendix, the geometric interpre- 
tations of 2CH, CH, and the rotating rigid body are compared in an 
attempt to emphasize the unifying features of the approach. 

2. Function spaces and semidirect products 

We will show that 2CH and 2DP are geodesic equations on the 
semidirect product 

(2.1) G = Diff(5 1 )(S)^(5 1 ), 

where Diff(S' 1 ) denotes the group of orientation-preserving diffeomor- 
phisms of the circle S 1 ~ M/Z and ^(S 1 ) denotes a space of sufficiently 
regular real-valued functions on S 1 (the exact regularity assumptions 
will be made precise below). 

Let (</?, f) and (ij), g) be two elements of G. The group product in G 
is defined by 

where o denotes composition. The neutral element of G is (id, 0) and 
(if, f) has the inverse (f~ l , —f o f' 1 ). Of particular interest to us will 
be the right translation operator R{^, g ) ■ G — > G defined by 

R{^g)ivJ) = (<^/)O,fl0- 

Several different regularity assumptions can be imposed on the el- 
ements of G. The structure of equations ( 12CHI) and ( 12DPI) suggests 
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that the function p should be allowed to have one spatial derivative 
less than u. This suggests the following choice for G: 

(2.2) H S G := i/ s Diff(5 1 )(S)^ s - 1 ( 1 S 1 ), 

where H s DiS(S 1 ) denotes the space of orientation-preserving diffeo- 
morphisms of S 1 of Sobolev class H s . We will assume that s > 5/2. 
In this case, H s DiS(S 1 ) is a Hilbert manifold and a topological group 
and the composition map 

(<p, /) H- / o <p : iFDiff^ 1 ) x H-^S 1 ) H 3 ' 1 ^ 1 ) 

is continuous cf. [8]. Thus, H S G is a topological group and a smooth 
manifold modeled on the Hilbert space H S (S 1 ) x H S ~ 1 (S 1 ). 
Another natural choice for G is 

(2.3) C n G : = C n Diff(5 1 )(S)C7 n - 1 (5 1 ), 

where C n DiS(S 1 ) denotes the space of orientation-preserving diffeo- 
morphisms of S 1 of class C n . We will assume that n > 2. In this case, 
C n G is a topological group and a smooth manifold modeled on the 
Banach space C n (S 1 ) x C™" 1 ^ 1 ). Note that H S G and C n G are not 
Lie groups, since left multiplication is only continuous and not smooth. 
Finally, we may choose G as 

(2.4) C°°G := L7 00 Diff( 1 S 1 )(s)C7 00 ( 1 S 1 ). 

This is a Lie group (the multiplication and inverse maps are smooth) 
and a Frechet manifold modeled on C°°(S' 1 ) x C°°(5' 1 ). In contrast to 
H S G and C n G, it is not a Banach manifold. 

The three choices (I2.2p -( l2~4"l) for G are all of interest due to their 
different advantages. We will first develop the theory for H S G and 
then consider C n G and L7°°C7. 

We refer the reader to [161 [T7] for further information on geodesic 
flows on semidirect products. 

3. The 2CH equation as a geodesic equation 

Let G be the semidirect product defined in (12.11) . We will define a 
metric (-,-) and a compatible covariant derivative V on G and show 
that a curve (<p(t),f(t)) in G is a geodesic with respect to V if and 
only if (u(t),p(t)) G T^q)G defined by 

(3.1) (u,p) =TR^ J) -i(ip t ,ft) = (ip t o if" 1 J t o ip" 1 ) 
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satisfies the 2CH equation. 

3.1. The iP-category. We first consider the fP-setting and let G be 
the group H S G, s > 5/2, defined in (12. 2(1 . We define a bilinear operator 
r (id)0) on H s (S l ) x H s '\S l ) by 

(3.2.) Wv),(v))=f" ( $^»), 
where A = 1 — dl and 

(3.2b) T° id (u, v) = -A~ l d x (uv + ~u x v x J 

is the Christoffel operator associated with the CH equation (cf. [5j ETJ 



121]). For vector fields X and Y on if s G, we define 

(3.2c) IWX, F) = r (id)0) (X(^ /) o <p~\ Y(<p, f) o p- 1 ) o p. 

Then T is a right-invariant Christoffel map on H S G, i.e., 

TR^ g) [r {tP)f) (x, y)] = r R(MivJ) (TR iM x(v, /), tr^y^, /)), 

for all (<p, f),(i>,g) G fPG. The associated covariant derivative V is 
defined by 

(3.3) (V*Y)fa /) = DY( V , f) ■ X(<p, f) - T ilp ,f)(Y(ip, f),X{<p, /)). 

Observe that the Christoffel map T is the infinite-dimensional analog of 
the Christoffel symbols T % - k familiar from finite-dimensional differential 
geometry (see [20]; our V is denoted by B in [20]). Furthermore, it fol- 
lows immediately from definition (13. 3 p that V is a torsionless covariant 
derivative in the sense that 

(i) V fX Y = fV x Y, 

(ii) VxY-V Y X=[X,Y], 
(Hi) V x (fY) = (Xf)Y + fV x Y, 

for all vector fields X, Y and functions / on H S G. 

We also define a Riemannian metric (-, •) on H S G by letting 

(3.4a) ((«, p), (v, r)) (idi0 ) := («, + (p, r) L 2 



(uv + u x v x )dx + / prrfx 
is 1 

at (id, 0) and extending it to all of H S G by right-invariance: 
(3.4b) (X, Y) M := (Xfa f) o p" 1 , Yfa f) o O^o) , 
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where X, Y are vector fields on H S G. In the following, we will write 
(t) for (v)( id ,o)- 

It is a well-known fact that any Riemannian metric (•, •) on a finite- 
dimensional manifold M induces a unique compatible torsionless co- 
variant derivative V on M (the Levi-Civita connection); VjK is de- 
fined by 

(3.5) 2 (V X Y, Z)=- ([Y, X],Z)- (X, [Y, Z\) - (Y, [X, Z\) 

+ X(Y,Z) + Y(Z,X)-Z(X,Y), 

where X, Y, Z are vector fields on M. The bracket (■, ■) establishes an 
isomorphism T m M — > T^M for each m G M, which guarantees the 
existence of VjF(m) for all m. However, this approach fails for H S G 
since the metric defined by (13.41) is only a weak Riemannian metric (i.e. 
the topology induced by the metric is weaker than the natural topology 
of any tangent space) and therefore the metric does not establish an 
isomorphism between the tangent space and its dual, cf. |5j El l2Tj . 

It is a first aim of this section to establish that V as defined in ( 13. 3 1) 
defines a smooth connection (i.e. V defines a smooth spray) on H S G in 
the sense of Banach manifolds (see [20]) and that (•, ■) is a compatible 
Riemannian metric. Note that this connection is unique; this can be 
deduced immediately from formula (13. 5p . as in the finite-dimensional 
case. 

In general, the Christoffel map for a Banach manifold is only de- 
fined locally. Henceforth, we will implicitly use the natural smooth 
identification 

(3.6) TH S G ~ H S G x (H s (S l ) x H"- X {S X )) 

and view T as a map from H S G to the space of bilinear symmetric maps 
from H S (S 1 ) x H S ~ 1 (S 1 ) to itself. Similarly, a vector field X on H S G is 
viewed as a map H S G H^S 1 ) x H'-^S 1 ). The identification f|376T) 
is given explicitly as follows. The map <p i-» (y?(0), <p(x) — x — <£>(0)) is 
a diffeomorphism Diff(S' 1 ) — > S 1 x II s , where 

U s := {feH s (S l )\f(0) = 0J x >-l}. 

Since U s is an open subset of the closed linear subspace E s := {/ G 
if s (S' 1 )|/(0) = 0} C H S (S 1 ), this map provides a local chart on 
Diff(5' 1 ) with values in / x U s C 1R x E s for any open subinterval 
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I G S 1 . Moreover, using that TS 1 ~ S 1 x R, we find 

TDiff(5 1 ) ~ T^S 1 x U s ) ~ S 1 x f/ s x R x E s ~ Diff(5 1 ) x ^(S 1 ). 

This yields the nontrivial part of (13. 6p . 

For two Banach spaces E, E, we let Cl ym (E; E) denote the space of 
symmetric bilinear maps from E to F . For a manifold M, £^ yra (TM; F) 
denotes the bundle over M with fiber C^ yra (T x M; F) over a point x G 
M. 

Proposition 3.1. Let s > 5/2. Let H S G := H'DiS^S 1 )®!!'- 1 ^) 
and let T be the Christoffel map defined in A3. 2\) . Then V defines a 
smooth spray on H S G, i.e., the map 

(3.7) 

(</?, /) ^ T M : H S G x ^-1(^1); ^(5-1) x ff-i^ 1 )) 

smooth. Moreover, the metric (■,■) defined by A,3.4\ ) is a smooth 
(weak) Riemannian metric on H S G, i.e., the map 

(3.8) /) ^ (., .> (Vi/) : -> £* ym (T {lp , f) H s G; R) 

smooth section of the bundle (TH S G;M.) . Finally, the connec- 



ts a 



tion V and t/ie metric (•, •) are compatible in the sense that 
(3.9) x (y, Z) = ( w x y, Z) + (y, V X Z) 

for all vector fields X, Y, Z on H S G. 

Proof. In order to establish smoothness of (13. 7p . it is sufficient to show 
that the following map is smooth: 

((¥>>/)> ™) ^ rVoO^); 

x [^(S 1 ) x H'-^S 1 )] -> tf^S 1 ) x H^iS 1 ), 
where iw = (wi,iy 2 ) G T {vJ) H s G ~ tf^S 1 ) x H S " 1 (S 1 ) and 

We will show that the term — |(y4 _1 9 ;! ;(w| o y? -1 )) o y> makes a smooth 
contribution to T; the other terms can be treated by similar arguments. 
Consider the map 

P : H'DmiS 1 ) x H 8 ' 1 ^ 1 ) F s Diff( 1 S 1 ) x tf^S 1 ) 
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defined by 

P{cp, w) = (<p, (A~ x d x {w 2 o <^- 1 )) o tp) . 

We write P as the composition P = A^ 1 o P 2 o P x , where the maps 
Pi : H'DiSiS 1 ) x H'- 1 ^ 1 ) -»■ P^Diff^ 1 ) x H'-^S 1 ), 
P 2 : PT s Diff( 1 S 1 ) x H'-^S 1 ) -»■ P^Diff^ 1 ) x if*" 2 ^ 1 ), 
A : P^Diff^ 1 ) x jf^S 1 ) ->■ P^Diff^ 1 ) x H'-^S 1 ) 

are defined by 



P 2 (<^, w) = (<p, (wo^) ^o^j v 7 , 



A((p, w) = (<p, (A(w otp x )) o tp) = ( <p, w ^ + 



w xx w x p. 



xx 



fx fl 



The maps P 1; P 2 , and A are smooth since H S (S 1 ) is a Banach alge- 
bra under pointwise multiplication for s > 1/2. To show that A^ 1 is 
smooth, we compute 



DA((p,w) 



id 

* id - + &?d. 



This is, for each (<p,w) G PT s Diff(S' 1 ) x H S (S 1 ), a bijective bounded 
linear map H s (S l ) x ff'(5 rl ) -»■ H s (S l ) x H s ~ 2 (S l ). The open mapping 
theorem implies that its inverse is also bounded. The inverse mapping 
theorem now implies that A -1 , and hence also P, is a smooth map. 

We next establish the smoothness of (j3.8]l . It is sufficient to show 
that the map 

Q : P S G x [iP^ 1 ) x H'-^S 1 )] -)• R, 

defined by 



(3.10) Q{{<p,f),w)= / (u;io^- 1 )A(u; 1 o^- 1 )dx+ / (^o^- 1 ) 2 ^ 
is smooth. The change of variables y = (p~ l (x) yields 



/ f w\p x + — + w\<p x J dy, 
Js^ \ fx J 



Q((fJ),w) 

and written in this form the smoothness of Q is clear. 
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It remains to verify ( 13. 9ft . Let Xi,Yi, Zi, i = 1,2, denote the com- 
ponents of three vector fields X, Y, Z on H S G. For i — 1,2, let U{ = 
X i (ip,f)oip- 1 , Vi = Yi(v,f)°<P~\ Wi = Z i (<p,f)op- 1 . Let 7(e) G H S G 
be a curve such that 7(0) = (</?, /) and 7(0) = X(<p, f). 

On the one hand, 



(X{Y,Z))(ip,f) = - 



d 




de 




d 




de 


e=0 




d 


+ 




de 



(F( 7 (6)),Z( 7 (6))) 7(e) 
(n( 7 (e))o7 1 - 1 ,Z 1 (7(6))o 7l - 1 ) ifl 
(y 2 ( 7 ( e ))o 7l -U 2 ( 7 (e))o 7 r 1 ) i2 



e=0 



On the other hand, 



(V X Y, Z) [ipJ) = (DY 1 ( ( p, f) ■ X(<p, f) o cp' 1 - r° (Yi, X x ) o Wl > ^ 

+ g ((^2x^2 + U 2x V 2 ),Wi) L2 

+ (DY2(<p, f) ■ X(<f, f) O v?" 1 + + Ul*V2), ^2 



i2 



and 



Jz^fo /) • x(^, /) o ^ - r° v (z lt x 1 ) o Vl ) 



Hi 



+ ( ^(w 2x U 2 + U 2x W 2 ),Vi 



hi 



+ (dZ 2 (<P, /) ■ X(</?, /) O (/} 1 + ^(Wl a; M2 + 141x^2), ^2 



L 2 



The calculations in [21] for the CH equation show that 



d 

de e 



Y 1 ( 1 (t))o 1 -\Z 1 ( 1 (t))o 1 -') H1 = 

(DYifa f) ■ x(<p, f) o </? _1 - rj(y l5 xo o </? _1 , Wl ) m 



TWO-COMPONENT CH AND DP EQUATIONS 



11 



so it remains to check that 
d 



de 



(y 2 ( T (t))o 7l - 1 ,z 2 ( T (f))o Tr 1 ) 



e=0 



Li 



\V 2x U 2 + U 2x V 2 ),Wi 



Li 



(3.11) 



+ (^DY 2 (p, f) ■ X(tp, f)o<p 1 + ^{v lx u 2 + u lx v 2 ), w 2 ^j 



L 2 



+ ( ~{w 2x U 2 + U 2x W 2 ),V! 



+ (DZ 2 ((p, f) ■ X((p, f)ocp 1 + -(w lx u 2 + u lx w 2 ), v 2 



Since 



d 
de 



<F 2 ( 7 (t))o 7l - 1 , Z 2 ( 7 (t))o 7l - 1 > 

= {DY 2 (ip, f) ■ X(tp, f) o if~ l - v 2x u u w 2 ) L2 

+ (DZ 2 ((p, f) ■ X(tp, f) o if" 1 - w 2x u u v 2 ) u , 

the condition in ( 13. lip is equivalent to 

1 1 1 

UiV 2x W 2 + UiV 2 W 2x + -U 2 V 2x Wx + -«2xf2fl + -^l^x- 
1 1 1 

+ ~u 2x viw 2 + -u 2 v lx w 2 + u lx v 2 w 2 + -u 2 v 2 w lx )dx = 0. 
Since the left-hand side is equal to 

i Qd^ifcViiifc) + ^^(ujWjiui) + ^(iti^iua) ) dx = 0, 
we are done. 



□ 



Remark 3.2. The crucial observation in the above proof is that (P(wo 
ip~ l ))oip is a rational expression in w, if, and their derivatives whenever 
P is a differential operator. This observation was already made on p. 
154 of |]. 

A geodesic in H S G with respect to V is a C 2 -curve {fit), f(t)) G H S G 
such that V ' {<pt,ft){fu ft) = 0, i.e. 

(3-12) {(PttJtt) =r(!P,f)((<Pt>ft),(<Pt,ft))- 
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Since the existence of a smooth connection on a Banach manifold im- 
mediately yields the local existence and uniqueness of a geodesic flow 
(see (20]), Proposition 13. II implies the following result. 

Theorem 3.3. Let s > 5/2. Then there exists an open interval J cen- 
tered at and an open neighborhood U of (0,0) £ H S (S 1 ) x H S ~ 1 (S 1 ) 
such that for each (uq, po) £ U there exists a unique solution (<p,f) £ 



C°°(J,H°G) of (J3I2D with (p(0),/(0)) = (id, 0) and (<f t (0),f t (0)) = 



(uq,Pq). Furthermore, the solution depends smoothly on the initial 
data in the sense that the local flow $ : J x U — > H S G defined by 
$(t,M ,p ) = (¥>(*; Uo,Pd),/(*;«o,Pd)) is a smooth map. 

We write the Cauchy problem for 2CH in the form 



This formulation of 2CH is suitable for the formulation of weak solu- 
tions. It follows from Theorem 13.31 that the 2CH equation is locally 
well-posed in H^S 1 ) x H—^S 1 ) for s > 5/2. 

Corollary 3.4 (Local well-posedness in the .fP-category). Suppose s > 
5/2. Then for any (u , p ) £ if s (S' 1 ) x H S ~ 1 (S 1 ) there exists an open 
interval J centered at and a unique solution 



(3.14) (u,p) £ C(j,/7 s ( 1 S 1 )xi/^ 1 ( 1 S 1 ))nC ,1 (j,i7 s - 1 ( 1 S 1 )xiJ s - 2 (5 1 )) 



of the Cauchy problem Ij3.13\) which depends continuously on the initial 



Proof. Theorem 13 . 31 yields the existence of a smooth curve (<p(t), f(t)) £ 



H S G such that (<p(0),/(0)) = (id, 0) and (^(0),/ t (0)) = Kpo)- De- 



fine (u(t), p(t)) by equation ( 13. ip . Then, (u, p) has the regularity speci- 
fied in ( 13.141) and depends continuously on (m , po)- By right-invariance 
of T, the geodesic equation A3. 12H can be written as 



(3.13) 




K0),p(0)) 



(«o,Po)- 



data (u , p ). 




This is equation (13.131) . 



□ 
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Remark 3.5. The well-posedness result of Corollary 13.41 can also be 
proved using Kato's semigroup approach (see [10] for the case on the 
line). 

3.2. The C™-category. The results of the previous subsection hold 
with the obvious changes also in the C n -category. Assuming n > 2, 
the proofs are the same with H S G replaced with C n G. In particular, 
T defines a smooth spray on C n G = C ,n Diff(^ 1 )(s)C ,n - 1 (5 1 ) compatible 
with the metric defined in ( 13.41) . For the sake of brevity, we only state 
the analog of Theorem 13. 3[ 

Theorem 3.6. Let n > 2. Then there exists an open interval J cen- 
tered at and an open neighborhood U of (0,0) £ C n (S 1 ) x C n ~ 1 (S 1 ) 
such that for each (u , p ) £ U there exists a unique solution (<p, f) £ 
C°°(J,C"G) of <&m> with (p(0),/(0)) = (id,0) and (<f t (0),f t (0)) = 
(uq,Pq). Furthermore, the solution depends smoothly on the initial 
data in the sense that the local flow $ : J x U — > C n G defined by 
$(t,u ,p ) = ((p(t;u ,Po),f(t;uo,po)) is a smooth map. 

3.3. The smooth category. We now want to extend the above results 
for 2CH to the space C°°G = C 00 Diff(5 1 )(S)C 00 ( 1 S 1 ). Since C°°G is not 
a Banach manifold, the local existence and uniqueness theorems for 
differential equations fail. We will therefore take an indirect approach 
and first consider the local geodesic flows on H S G, s > 5/2. We will 
first show that the domains of definition of these flows do not shrink 
to zero as s — > oo. By considering the limit as s — > oo, the existence 
of a smooth local geodesic flow on C°°G will then be established. 

We will use the following blow-up result for 2CH. 

Proposition 3.7. Let s > 5/2. Let (n ,p ) G H^S 1 ) x H 3 ' 1 ^ 1 ) and 
letT>0 be the maximal time of existence of the solution 

(u,p) £ C({Q,T),H s (S 1 )xH s - 1 (S 1 ))r)C 1 (lO,T),H s - 1 (S 1 )xH s ~ 2 (S 1 )) 

of the Cauchy problem A3.13\) . Then the solution (u, p) blows up in 
finite time if and only if 

(3.15) lim inf {u x (t, x)} = — oo or limsup{||p :c (t)||ioo} = oo. 

Proof. A proof for the equation obtained from ( 12CHI) by replacing pp x 
with —pp x in the case on the line is given in [10] ; the same proof applies 
here. □ 
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Let 



$ 3 :[0,T 3 )x[/ 3 ^# 3 G, 
where T 3 > and U 3 C H 3 ^ 1 ) x H 2 ^ 1 ), be the local geodesic flow 



on H 3 G whose existence is guaranteed by Theorem 13.31 In the next 
proposition, we show that the restriction of $3 to if s (S' 1 ) x H 8-1 ^ 1 ), 
s > 3, defines a smooth flow on H S G for t G [0, T 3 ). Thus, the flow on 
H S G exists for all t G [0, T 3 ) for any s > 3. 

Proposition 3.8. Suppose s > 3 and /ei <3> s denote the restriction of 
$ 3 to [0,T 3 ) x f/ s; w/iere f/ s = U 3 n (tf^S 1 ) x if— 1 ^ 1 )). T/jen $ s 
a smooth local flow of the geodesic equation (I3.12p on H S G, that is, 

(a) $ s a smooth map from [0,T 3 ) x U s to H S G. 

(b) For each (u , p ) G £/ s; $ s (-,w ,Po) a smooth solution of 
equation (13.121) on [0,T 3 ) satisfying $ s (0,n 0; Po) = (id, 0) and 
d t $> s (0,u ,p ) = K,Po)- 

Proof. Fix (n ,po) £ t/ 3 and let (u(t;u ,p ),p(t;u ,p )) be the corre- 
sponding solution in H 3 ^ 1 ) x H 2 ^ 1 ) of the Cauchy problem (I3.13p . 
This solution is defined at least on [0,T 3 ). Since the criterion (I3.15P is 
independent of s > 3, it follows from Proposition 13.71 that if (u , p ) G 
U s for some s > 3, then the curve t 1— >■ (u(i; u , p ), p(t; u , p )) belongs 
to the space 



C([0,T 3 ), J H' S (5 1 ) x H 3 - 1 ^ 1 )) nC 1 ([0,T 3 ),i/ s - 1 ( 1 S 1 ) x if- 2 ^ 1 )). 



Let (<f, f) be the geodesic flow associated with the solution (u,p), de- 



fined on [0, T 3 ). 

Let s > 3. Suppose (u ,p ) e ^ and <p G ^([0, T 3 ), F r Diff( 1 S 1 )) for 
some r with 3 < r < s-1. We show that <p G ^([O, T 3 ), if r+1 Diff(5 1 )). 
Using 



(lis o <p)<p ; 



we find 




Thus, 



(3.16) 
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Since p x G C 1 {[0,T 3 ),H r - 1 (S 1 )) and u xx G C([0, T 3 ), H^^S 1 )) , equa- 
tion (13. 1 61) implies that 

(3.17) ^G^QO.Ta),^- 1 ^ 1 )). 

This implies that ip € ^([O, T 3 ), i7 r+1 Diff(5' 1 )). Indeed, 



— uo (f 



H r+1 



ip(t) - ip(s) 



— U O if 



t-s 



H 1 



t- S 



{uop) x 



As t — > s, the first term on the right-hand side vanishes because 
9? G C7 oo ([0,T 3 ), J ?7 3 Diff(5 1 )) and the second vanishes in view of (pUT) . 
Induction shows that 



(3.18) 



peC 1 ([0,r 3 ), J ff'Diff( ( S' 1 )). 



We now show that in fact (ip, f) G C°°([0, T 3 ), # S G). A computation 
shows that 



(3.19) -[(po^ 3 



(is 
o 



[(p t + Mp z ) O + [(pu x ) O (y9]v9 x . = 0. 

Thus, f t p x — (p o <p)<p x = p and we infer that 

(3.20) f(t) = p 
It follows that 

(3.21) feCP^T&H-^S 1 )). 

Moreover, by Theorem 13.31 (<p, /) is a smooth solution of f 1 3 . 1 2 j) in 
H'DiftiS 1 ) x H'-^S 1 ) for sufficiently small t > 0. Standard ODE 
results show that the only way this solution can cease to exist (Corollary 
IV. 1.8 in |20j) is either that the condition tp x > ceases to hold or that 
one of the norms 
(3.22) 



\\{<Pt, ft)\\ H '(S 



1 )xH s - 1 (S 1 ) ' 



|rW) ((¥>*>/*)> (<Puft)) 



H s (S 1 )xH s ~ 1 (S 1 ) 



blows up. But we know that <p x > on [0,T 3 ) and equations (13.181) 
and (13.211) together with the smoothness of T imply that the norms in 
(13. 22f) remain bounded on [0,T 3 ). This proves (b). 

The standard ODE theorems on smooth dependence on initial data 
(Theorem IV. 1.16 in [20]) imply (a). □ 
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The Sobolev spaces H S (S 1 ) provide a Banach space approximation 
of the Frechet space C 00 (5' 1 ) in the following sense. 

Definition 3.9. A Banach space approximation of a Frechet space X 
is a sequence of Banach spaces (X n , || • ||n) n>0 such that 

X D X x D X 2 D ■ ■ ■ D X and X = H~ =0 X n , 

where {|| • ||} n >o is a sequence of norms inducing the topology on X 
such that 

Nlo<Nli< IN| 3 <... 

for all x G X. 

The property of a Banach space approximation which is relevant for 
us is stated in the following lemma (a proof is given in [9]). 

Lemma 3.10. Let X and Y be Frechet spaces with Banach space ap- 
proximations {X n } n > and {Y n } n > , respectively. Let $ : U — > V be 
a smooth map between two open subsets Uq C X q and Vq C Y . Let 
U = U D X, V = V n Y, and, for each n>0, 

u n = u n x n , v n = v n Y n . 

Assume that, for each n > 0, the following properties are satisfied: 

(1) %(U n ) C V n , 

(2) the restriction $o : U n — > V n is a smooth map. 
Then &o{U) C V and the map &o\u '■ U — )■ V is smooth. 

Proposition l3.8l together with Lemma f3. lOl implies local well-posedness 
of the geodesic flow on C°°G. 

Theorem 3.11. There exists an open interval J centered at and 
an open neighborhood U of (0,0) G C oc (S 1 ) x C 00 (S' 1 ) such that for 
each (n ,po) £ U there exists a unique solution (<f,f) G C°°(J, C°°G) 
of (J3I21) satisfying (<f(0),f(0)) = (id, 0) and (^(0),/ t (0)) = (u ,p ). 
Furthermore, the solution depends smoothly on the initial data in the 
sense that the local flow $ : J x U — > C°°G defined by «o,po) = 
(<p(t;uo, po), f(t;uo, po)) is a smooth map. 

Since C°°G is a Lie group with smooth multiplication and (u, p) = 
(<pt o tfi" 1 , ft o (p^ 1 ), we have proved the first part of Theorem 11.11 
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4. The 2DP equation as a geodesic equation 

Most of the results for 2CH presented in the previous section have di- 
rect counterparts in the case of 2DP; the main exception being that the 
geodesic flow associated with 2DP is not induced by any right-invariant 
metric. (If this was the case, then, choosing the second component to 
be equal to zero, we would obtain a metric associated with the geodesic 
flow for DP which is not possible as shown in [Tl].) 

4.1. The i/ s -category. We define a bilinear operator r^o) on 

H^S 1 ) x H^iS 1 ) by 

(4.1a) 

W(M,(«,r))=^ -(u x r + v xP ) J' 

where A = 1 — d x and 

(4.1b) T° A (u,v) = ~A- 1 d x (uv) 

is the Christoffel operator associated with the DP equation (cf. [9]). 
T is extended to all of H S G by right-invariance, see Eq. (I3.2cp . The 
corresponding covariant derivative V is defined by ( 13. 3D . The proof of 
the following proposition is similar to that of Proposition 13.11 

Proposition 4.1. Let s > 5/2. Let H S G := iPDiff^ 1 )©//*- 1 ^ 1 ) 
and let T be the 2DP Christoffel map defined in ( f^.i[ ). Then V defines 
a smooth spray on H S G, i.e., the map 

(<^, /) ^ r W) : H S G -> Cl^H^S 1 ) x H^iS 1 ); H^S 1 ) x H-^S 1 )) 
is smooth. 

The existence of a smooth spray implies local existence and unique- 
ness of the geodesic flow. 

Theorem 4.2. Let s > 5/2. Let T be the 2DP Christoffel map de- 
fined in H[4-l\) - Then there exists an open interval J centered at and 
an open neighborhood U of (0,0) G H S (S 1 ) x H S ' 1 (S 1 ) such that for 
each (uq, po) e U there exists a unique solution (<p,f) £ C°° (J, H S G) 
of the geodesic equation (13.121) satisfying (</>(0), /(0)) = (id, 0) and 
(Vt(0), /t(0)) = (tto,/?o)- Furthermore, the solution depends smoothly 
on the initial data in the sense that the local flow $ : J x U —> H S G 
defined by $(t, «o,Po) = {fit', Uq, po), f(t; uo, po)) is a smooth map. 
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We write the Cauchy problem for 2DP in the form 
Ut + uu x \ _ {-A' 1 ((§w 2 - p 2 ) x + pu x ) 



(4.2) 

\Pt +up x J \ -2pu x 
(n(0),p(0)) = (n ,p ). 

It follows from Theorem 14 . 21 that 2DP is locally well-posed in H S (S 1 ) x 
H'-^S 1 ) for s > 5/2. 

Corollary 4.3 (Local well-posedness in the iP-category). Suppose s > 
5/2. Then for any (u , p ) G H S (S 1 ) x iP -1 ^ 1 ) there exists an open 
interval J centered at and a unique solution 



p) G C^H^S 1 ) x iP" 1 ^ 1 )) nC^J.F" 1 ^ 1 ) x iP" 2 ^ 1 )) 



of the Cauchy problem Iji4-S\ ) which depends continuously on the initial 
data (wo, Po)- 

Proo/. Let (<p(£), /(t)) G be the smooth curve with (y>(0), /(0)) = 
(id, 0) and (ip t (0) , f t (Q)) = (w , p ) obtained in Theorem 14.21 and define 
(u(t),p(t)) := (<f t (t) , f t (t)) o <p _1 (0- Then, (w,p) has the regularity 
specified in the corollary and depends continuously on (u ,po). By 
right-invariance of the 2DP Christoffel map T, the geodesic equation 
(<Ptt, ftt) = r ( ^/)((<p t , f t ), (ip t , ft)) can be written as 



r (i d,o)((M,p), (u, P )). 



ut + uu x 
p t + up x 

This is equation (14. 2p . □ 



4.2. The C^-category. The results of the previous subsection hold 
with the obvious changes also in the C n -category, n > 2. 

4.3. The smooth category. We have the following blow-up result for 
2DP; the proof is similar to that of Proposition 13.71 

Proposition 4.4. Let s > 5/2. Let (m ,Po) G H^S 1 ) x iP" 1 ^ 1 ) and 
letT>0 be the maximal time of existence of the solution 

(u,p) G C([0,T),H s (S 1 )xH s ~ 1 (S 1 ))nC 1 ([0,T),H s ~ 1 (S 1 )xH s ^ 2 (S 1 )) 

of the Cauchy problem {^.ty . Then the solution (u,p) blows up infinite 
time if and only if 

lim inf {u x (t,x)} = — oo or limsup{||p x (t)||L°o} = oo. 

t—tTxGS 1 t-^T 
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Let 

$ 3 :{0,T 3 )xU 3 ^H 3 G, 

where T 3 > and U 3 C H 3 ^ 1 ) x H 2 (S l ), be the local geodesic flow 
on H 3 G whose existence is guaranteed by Theorem 14.21 

Proposition 4.5. Suppose s > 3 and let $ s denote the restriction of 
$ 3 to [0,T 3 ) x U s , where U S = U 3 D (H^S 1 ) x H 8 ' 1 ^ 1 )). Let T be the 
2DP Christoffel map defined in Then Q s is a smooth local flow 

of the geodesic equation ( 13.121) on H S G, that is, 

(a) $ s is a smooth map from [0,T 3 ) x U s to H S G. 

(b) For each (w ,p ) £ £^s> < ^s(',w ,Po) a smooth solution of 
equation (13.121) on [0,T 3 ) satisfying $ s (0,m ,Po) = (id, 0) and 
a t $ s (0,M ,p ) = (u ,p ). 

Proof. The proof is identical to that of Proposition 13.81 except that 
equation (I3.20p must be replaced with 

(4.3) 

Equation (14. 3 p is proved by noting that 

j t [0 ° <P)V>1] = [(Pt + upx) o <p]tpl + 2[(pu x ) o (p]tpl = 0, 

and so f t (fi 2 x = (p o <p)<p2 = po . □ 

We find the following well-posedness results. 

Theorem 4.6. Let Y be the 2DP Christoffel map. There exists an 
open interval J centered at and an open neighborhood U of (0, 0) G 
C co {S l ) x C 00 {S 1 ) such that for each (u , p ) G U there exists a unique 
solution (<p, /) G C°°(J, C°°(jr) of the geodesic equation (13 . 1 2[) satisfy- 
ing (<p(0),/(0)) = (id, 0) and (<p t (0), / t (0)) = (u ,p ). Furthermore, 
the solution depends smoothly on the initial data in the sense that the 
local flow 

$ : J x U C°°G, $(t, u , p ) = {<fi(t; u , p ), /(t; u , p )) 
is a smooth map. 

By the same arguments as in the previous section, this proves the 
second part of Theorem 11.11 Hence the proof of Theorem 11.11 is com- 
pleted. 
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5. The sectional curvature for the 2CH equation 

We have showed that both 2CH and 2DP are geodesic equations on 
H S G = H s Diff(S' 1 )(s)if s ~ 1 (5' 1 ) with respect to a smooth affine connec- 
tion. The existence of a smooth connection V on a Banach manifold 
immediately implies the existence of a smooth curvature tensor R de- 
fined by 

R(X, Y)Z = VxVyZ - V Y V X Z - V [X y\Z, 

where X, Y, Z are vector fields on H S G (cf. [20]). In the case of 2CH, 
since there exists a metric (-, ■), we can also define an (unnormalized) 
sectional curvature tensor S byj 

S(X,Y) := (R(X,Y)Y,X). 

In this section, we will derive a convenient formula for S and use it to 
determine large subspaces of positive curvature for the 2CH equation. 

We will work in the if s -category; similar results are valid with H S G 
replaced with C n G. In view of the right-invariance of V, it is enough 
to consider the curvature at the identity (id, 0). We will write V for 
T(id,o)- 

Proposition 5.1. Let s > 5/2. Let R be the curvature tensor on H S G 
associated with the 2CH equation. Then S(u,v) := (R(u,v)v,u) is 
given at the identity by 
(5.1) 

S(u,v) = (T(u,v),T(u,v)) - (T(u,u),r(v,v)) , u,v e T {idfi) H s G. 

Proof. Let U,V,W G T P H S G be three tangent vectors at a point p G 
H S G. The curvature tensor R is given locally by [20] 

Rp(U, V)W =D 1 T P (W, U)V - D 1 V P {W, V)U 

+ r p (r p (w, v),u)- t p (t p (w, u), v) 

where V is the 2CH Christoffel map defined in (13.21) and D\ denotes 
differentiation with respect to p: 



T p+eV (W,U). 

e=0 



2 Recall that the sectional curvature Sec(cr) of a subspace a spanned by two 
tangent vectors u and v is defined by 

(R(u, v)v, u) 



Sec(a) 



(u, u)(v, v) ~ (it, w) 2 
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Let q s := T( idfi )H s G. Let u = (ux,u 2 ), v = (vi,v 2 ), and w = (wi,w 2 ) 
be three vectors in g s ~ H S (S 1 ) x H S ^ 1 (S 1 ). Using the identity 

d 



ds 



u\ o (id + evi) 1 = — u\ x V\ 



E = 



a long but straightforward computation shows that 

DiT(w, u)v = -rXu^i, u) - T{u x v±, w) + F(w, u) x v x . 

Thus, 

s(u, v) = (r(r(v, v), u), u) - (r(r(t> , it), «), u) 

(5.2) + (r(t> , u) x vi, u) - (F(v, v) x ux, u) 

+ (-r(v x V!, u) - F(v, u x vi) + 2F(v x u 1 , v), u) . 

We define a bilinear operator B = (Bi, B 2 ) : g s x g s — > g s by 



Bi{u,v] 
B 2 (u,v] 



-A 1 (2v lx Au 1 + V\Au lx + u 2 w 2:); ) 

-(^2t'l)x 



Then I? satisfies (B(u,v),w) = (u,[v,w]) where [i>, itf] = w x v — f x w 
and 



(5.3) T(u,v) 



(Mlfl)x 
«2a^l + V 2x ll! 



B(u,v) + B(v,u) 



B(T(v,v),u) + B(u,T(v,v)),u 
+ B(T(v,u),v) + B(v,T(v,u)),u 



Let Ti and T 2 denote the two components of T. With this notation, 
the first four terms on the right-hand side of (15.21) equal 

i// (ri(«, 
2 \ vr 2 (w, u)a.«i + ^r^w, w) 

2 \ \r 2 (v, u^i + v 2x T 1 (v : u) 
+ (r(w,u) x ^i,n) - (T{v,v) x u-s_,u). 

We rewrite this expression as 

- ([v, F(v, u)],u)+(u, [T(v, v), u])~ (T(v, u), [v, u])-- (v, [T(v, u), u]) 
which in turn equals 

(V(u, v), r(tt, v)) - (T(u, u), T(y, v)) 



U lx Ui 
U 2x Ui 



Ui x Vi 
U 2x Vi 



,r(u,v] 
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Hence, equation ( 15.2ft becomes 

S(u, v) = (F(u, v), T(u, v)) - (T(u, u), T(v, v)) 

(5.4) -(( Vl ' Vl ),rM) + (h* Ul ),r { v,v) 



+ {-T{v x v u u) - F(v, u x vi) + 2T(v x u 1 , v), u) 

We claim that the sum of the last three terms on the right-hand side 
of (15. 4p is zero. Indeed, using the expression 

(5.5) r(«,„)=( 

for T, integration by parts shows that the terms in (15 .4p involving T 
cancel. A somewhat tedious computation involving further integration 
by parts shows that the remaining terms also vanish. This proves 
(O). □ 

A formula analogous to ( 15. ip for the CH equation was derived in 
[22] : If Sch( u i, Vi) denotes the unnormalized sectional curvature on 
H s DiS(S 1 ) associated with the CH equation, then 

s CH (u 1 ,v 1 ) = (r (u 1 ,v 1 ),r°(u 1 ,v 1 )) - (rV,^),! ^,^)) , 

for all u\, V\ € T 1< iH s Di&(S 1 ). It was also shown in [22] that 

(5.6) Sch(cos kx, cos Ix) 



l + (fc-Z) 2V ; 1 + (fc + Z) 2 

whenever k, I e {27r, 4tt, . . . }, k ^ I, establishing the existence of a 
large subspace of positive curvature for CH. Since 

(5-7) 5 ((o 1 )'(o)) =5 ^ (Ul ' Ul) ' 

we conclude that the same example yields an infinite-dimensional sub- 
space of positive curvature for 2CH. In the next proposition, we investi- 
gate the curvature of Diff(S' 1 )(S)J : '(S' 1 ) in directions which are nontrivial 
along the second component. 

Proposition 5.2. Let s > 5/2. Let S(u,v) := (R(u,v)v,u) be the un- 
normalized sectional curvature on H S G associated with the 2CH equa- 
tion. Then 

S(u,v) > 
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for all vectors u, v G T( id )H S G, u ^ v, of the form 
(5.8) 

(cOSk 1 x\ /cos/ix\ , , , , rn i i 

u=[ , f= , k 1 ,k 2 ,h,h e {27r,47r, ...}. 



^cos /c 2 £ y ' ycos Z 2 a; 

Moreover, the sectional curvature Sec(M,w) satisfies 

~ / s S(u,v) 1 
5.9 Sec M,w := . . \' ; . > - 

/or a// vectors u, v G T^ d )H s G, u ^ v, of the form 

(5.10) u=( ° ), u=f ° V A; 2 ,/ 2 G{27r,47r,...}. 

^cos /c 2 x y ycos * 2 x J 

Proof. In view of (15.11) . we have 

S{u,v) = I V\{u, v)AT\(u, v)dx + / r 2 (w, u) 2 (ia; 

ri(it, u)ATi(v, v)dx — I T 2 (u, u)r 2 (v, v)dx. 

Js 1 

Using the expression (15.51) for T(u, v) and integrating by parts, we find 

4 

(5.11) S(u,v) = Sch(ui,vi) +)Jj, 

3=1 

where 



Jl = 7 / (^2)^ 1 {u 2 v 2 ) x dx 
4 Js 1 

7 2 = -- / (u2)x-^4 _1 (f 2 )x^, 



4 . 

J 3 = o / [ r °( M l ? M l)( W 2)x + r (Ui,Ui) (1*2)3 - 2r (Mi,Wi)(M 2 W 2 ) :E ] dx, 

^ Js 1 

h = - I {u\ x v\ + v{ x ul)dx - - I u lx u 2 v lx v 2 dx. 
4 Js 1 1 Js 1 

Now suppose u and u have the form specified in (15. 8p . Then the terms 

can be computed explicitly using the trigonometric identities 

cos a cos j3 = -(cos(a — (3) + cos(a + j3)), 
sin a sin = -(cos(a — (5) — cos(a + /?)), 
sin a cos /3 = -(sin(a — /3) + sin(a + /?)), 
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the relations 

A' 1 cos ax = -cosai, a6l, 

1 + cr 

f 1 1 

/ cos(ax) cos((3x)dx = - (6 at p + S a -p) , a, {3 6 27rZ, 
Jo 2 

/ sin(ax) sin(/3x)cix = - (5 aii g — 6 a -p) > a, /? G 27rZ, 
Jo 2 

cos(ax) sin( / 9x)(ia: = 0, a, /3 G 27rZ, 



and the identity 

r (cosaa;, cos fix) 



d x 



|(1 -fa/3) |(1 + 1^/3) 



■ cos(a + p> - — — — cos(a - 

l+(Qt + p)' i l + (a-f3) 2 

a, (3 e 2vrZ. 



We find 

1 ( (h-l 2 ) 2 (h + i 2 y 



h 



32 Vl + (^2 - / 2 ) 2 l+(k 2 + k) 
1 k\ 

2 ~ ~ 01 , mi \? u k2,h' 



_l {l-\k 1 l 1 ){k 1 +hf 

J 3 — g ]_ _|_ ^ _|_ l fcl+'l^2-«2 + °fel+«l,Z2-fe2 + °fcl+Jl,*!2+J2> 

l (l + fMl)(fcl-/l) 2 

+ 8 1 + ih-h) 2 
(5.12) X (5 fcl _; 1)fe2 _; 2 + 5 kl - h ^ 2 -k 2 + ^-{^fcjj+ij + Si-y-krM+h) 

p I _ U2 72 1 _ 1/2 

^ 2 1 A _ _i___?_!_A 

4 l + (2Jfei) 2 4 1+(2Zi) 2 Wl ' 



/a = — k-i I 1 (Jt, /„ H /i I 1 5/, 

4 16 1 V 2 11 V 16 1 V 2 11 

— -^klh^^-hto-h + $k 1 -h,h-k 2 + ^Asi-Ji,fej+J2 + ^h-kxto+h 

— fiki+hM-h — $ki+h,h-k<i — Ski+hM+h)- 

Together with expression (15.61) for Sch{ui, v\) this yields an expression 
for S(u,v) in terms of ki,k 2 ,h,l 2 . The sum of the negative terms in 
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this expression can be estimated as follows: 



/i 9 



(2k 2 y 



J k 2 ,l 2 



+ 5 kl+hM+h ) 



1 hh k^i 
~ ~ 32 ~ ~16 16"' 
because at most one delta function within each bracket can give a 
nonzero contribution for a given set of values of ki, k 2 , h, l 2 £ 2irN. 

On the other hand, the term Sch(ux,Vi) contributes to S(u,v) the 
positive term 



(5.14) 



1 



(h + h) 2 , 



8i + (ki + hy 

and the sum of the right-hand side of (15 . 13[) and (15.141) is positive: 
1 (1 - \kik) 2 „ , , , 2 1 hh 



81+ (h + h] 



;(ki+h) 2 
1 

> — 
~ 16 

_ 

16 



32 



■)■- 


1 


hh 






32 ~ 


8 




1 


1 


1 


2 


hh 


4 ~ 


2k 2 l 2 


hi 



> o, 



where we used that h,h > 2tt. This shows that S(u,v) > 0. 

In remains to prove (I5.9p . Suppose u\ = v\ = and u 2 ^ v 2 . It 
follows from floTTH and (l5TT2|) that 



S 



(5-15) = - 



= h + h 
(k 2 - h) 2 



+ 



(k 2 + l 2 ) 2 



32 \i + (k 2 -i 2 y i + (h + i 2 y 

1 1 

> 1 , 

~ 64 64' 



k 2 



(2k 2 y 



J k 2 ,h 



where we used that k 2 ^ l 2 . On the other hand, for this choice of u 
and v, 

(u,v) = ]-5 k2! t 2 , 
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and hence 

(5.16) (u, u) (v, v) - (u, v) 2 = -. 

Equations fl5TT5|) and fl5TT6l) yield (El]). □ 

Remark 5.3. Although Proposition 15.21 establishes the existence of a 
large subspace of positive curvature, there are also directions for 2CH of 
strictly negative curvature. Indeed, it is shown in [22] that there exist 
directions of strictly negative sectional curvature for the CH equation. 
In view of (15.71) . this implies that 2CH also admits directions of negative 
curvature. 

Appendix A. Comparison with the rotating rigid body 

In this appendix, the geometric interpretations of 2CH, CH, and the 
rotating rigid body are compared in an attempt to emphasize some 
unifying features of the approach pioneered by Arnold [1] . 

A.l. The rotating rigid body. The configuration space of a rigid 
body in M 3 rotating around its center of mass is the Lie group 50(3)1 
The corresponding Lie algebra is so (3), the space of antisymmetric 
3 x 3-matrices, which can be identified with IR 3 via the map 



— t-so(3), x — (xi, X2, x 3 ) h-> x 



Let / : 50 (3) — > so (3)* be the inertia matrix of the body. A left- 
invariant metric (■, •) on 5*0(3) is defined by setting 

(a,b) = a-Ib, a,&6f 3 ~so(3), 

at the identity, and extending it to all of 5*0(3) by left invariance. The 
basic observation is that R(t) is a geodesic on (50(3), (•, •)) if and only 
if Cl(t) := i?(t)~ 1 i?(t) solves the classical Euler equation for the motion 
of a rotating rigid body, 

m = (m) x n. 

Physically, Cl(t) represents the angular velocity in a frame of reference 
fixed with respect to the body. The angular velocity in the spatially 
fixed frame is given by R(t)R(t)~ l . In other words: Applying left and 
right translations to the material angular velocity R(t), one obtains 








•r-2 







-Xi 


-x 2 








See [23] for further details on the material of this subsection. 
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the body and the spatial angular velocities, which are both elements 
of the Lie algebra so (3). The body and spatial angular momenta, 
which are elements of the dual so(3)*, are given by IT(t) = IQ(t) and 
7i (t) = R(t)U(t), respectively. The body and spatial quantities are 
related by the adjoint and coadjoint actions 

(A.i) co(t) = Ad R(t) n(t) = R(t)n(t)R(t)-\ n(t) = Ad* m n(t). 

Conservation of (spatial) angular momentum implies that n is in fact 
constant in time, i.e. 

!=°- 

A. 2. The CH equation. For the CH equation 

(A. 3) u t — u txx + 3uu x = 2u x u xx + uu xxx , x E S , t 6 M, 

the configuration space is G = Diff(S' 1 ) with multiplication (</?, VO i-> 
ip o ip. Elements of the Lie algebra q are identified with functions 
S 1 — > R. A n^/ii-invariant metric is defined by setting 



(u,v) R1 = / uAvdx = / (uv + u x v x )dx, 
Js 1 Js 1 

where A = 1 — d\ : Q — > Q* is the inertia operator. The basic ob- 
servation is that (f(t) is a geodesic in (Diff(S' 1 ), (•, -) H i) if and only if 
u{t) = TRpU\-i(p t (i) = ft(t) ° V 9 (^)~ 1 satisfies (1A.3j) . In other words, 
the CH equation is the Euler equation on (Diff(S' 1 ), (-,-) H i)- Letting 
U = TLp-upt = (u o ip)(p~ l , U and u are the analogs of the body and 
spatial angular velocities: they are obtained by left and right transla- 
tion, respectively, of the material velocity ip t to the Lie algebra. The 
momentum in the spatial frame is m = Au. The analog of equation 

(E3J) is 

u(t) = Ad^) £/(£), m (t) = Ad* (t) m(t), 

where mo = (mo <f)(p^. is the momentum in the body frame. Since the 
metric now is right-invariant instead of left-invariant, the analog of the 
conservation law ( 1A.2I) is that the momentum mo in the body frame is 
conserved, 

dm n • / n 2 

-^- = 0, i.e. [m oip)(p x = m . 
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A.3. The 2CH equation. For the 2CH equation fl2CHl) the configu- 
ration space is the semidirect product G = DiS(S 1 )(§)J r (S 1 ) introduced 
in Section [2j The Lie algebra is identified with ^(S 1 ) x ^(S 1 ). The 
inertia operator is diag(A, id) and the metric is the right-invariant met- 
ric (•, •) defined in ( 13. 41) . The basic observation is that (y?(£), fit)) is a 
geodesic in (Diff(5 1 )(S)J r ( 1 S 1 ), (■, ■)) if and only if 

(u(t),p(t)) = TR Mt)J{t)) -,^ t (t)J t (t)) 

satisfies (12CHp . The analog of the body angular velocity is (Ui, U2) = 
TL( v j)-i({p t , ft). The spatial momentum is (m, p) = (Au,p). The 
analog of equation (lA.ip is 

(u(t),p(t)) = Ad( v(t)i/(t)) (EM0,W)) 

and 

(m (t),p (t)) = Ad( v(t)i/(t)) (m(f),p(t)) 

where (mo, po) is the momentum in the body frame. In order to find 
an explicit expression for (m , po), we need to compute the adjoint and 
coadjoint actions. 

The adjoint action of G on g := T^ d0 )G ~ ^(S 1 ) x ^(S 1 ) is defined 

by 

Ac W)(^ r ) := T (id,o)^,/) • (v, t), 0, r) G q, 
where Iitpj) '■ G G denotes the inner automorphism defined by 

I{<p,f)(if>,g) = (<^,/)(^,^)(^,/)" 1 . 

A direct computation yields 

Ad W) ( w > r ) = (Ad^u, (/ x u + r) o if' 1 ), ( v ,t) G 0, 

where Ad^-u = ((/^i^oy? -1 is the adjoint action with respect to Diff(S' 1 ). 
The L 2 -pairing is used to identify the (regular part of the) dual 0* of 
g with FiS 1 ) x FiS 1 ). Since 

((m, p), Ad( 9 j)(v,t)) = / mAd !p vdx + / p[(/xH r) o i/;" 1 ]^ 

Js 1 Js 1 

(motf)(pl + (potf)f x ip x \ f v 
(P V)Vx ) ' V r 

we find 

Ad W) (m,p)=[ * 1, (m,p)G 
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The analog of the conservation law (1A.2|) is that the momentum (mo, po) 
in the body frame is conserved, 

dt\p J V {p°^x ) \po 



This explains the origin of the conservation law (I3.19P which was used 
in the proof of Proposition 13.81 



Rigid body 



CH 



2CH 



Difr(S 1 )©J"(5' 1 ) 

{ft, ft) 

(u,p) = ((ft o (p- 1 , f t o ip- 1 ) 

A o' 
id 

(m,p) = (Au,p) 
moj _ ({mo ip)ipl + {po ip)f x ip a 
po J \ {pocp)ip x 
(u,p) = Ad (¥Ji/) (Z7i,[/2) 
(m ,po) = Ad* (ipJ) (m, p) 
(mo, po) = const. 



configuration space 
material velocity 
spatial velocity 

body velocity 

inertia operator 

spatial momentum 

body momentum 

spatial velocity (Ad) 
body momentum (Ad*) 
momentum conservation 



SO{3) 
R 

Cj = RR- 1 
Cl = R- 1 ^ 

I 

7T = Rn 
n = m 

Cj = Ad R Q 
n = Ad|j7r 
7r = const. 



Din^S 1 ) 

ifit 

u — (ft o ip" 1 
U= 

A = 1 - dl 
m = Au 

mo = (m o ip)ipx 

u = Ad^fJ 
mo = Ad* m 



m 



const. 
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